We show that any symmetric monoidal ∞-category with duality gives rise to a direct sum hermitian K-theory spectrum. This assignment is lax symmetric monoidal, thereby producing E∞-ring spectra from bimonoidal ∞-categories with duality.
Introduction
K-theory has by now a longstanding history. Vector bundles on topological spaces or schemes give rise to the K 0 -functor and also higher K-theory ( [12] ). Algebraic K-theory can be defined for any stable ∞-category ( [3] ) or Waldhausen (∞-) category ( [19] , [1] ).
Direct sum K-theory of a symmetric monoidal ∞-category C can be defined to be the spectrum K(C) associated to the group completion of the E ∞ -space C ∼ , the underlying ∞-groupoid of C together with its symmetric monoidal structure ( [4] ). It was shown in loc. cit. that the functor K is in fact lax symmetric monoidal, using a symmetric monoidal structure on the ∞-category of small symmetric monoidal ∞-categories resembling the one on E ∞ -spaces (defined in [11] for Γ-spaces and studied in [16] ).
Instead of vector bundles one can consider vector bundles equiped with non-degenerate symmetric or anti-symmetric bilinear forms giving rise to the Grothendieck-Witt group and hermitian K-theory. Motivated by direct sum K-theory we consider in this article a version of direct sum hermitian K-theory. Given a symmetric monoidal category C with duality, e.g. finitely generated projective R-modules P(R) over a commutative ring R with the direct sum as symmetric monoidal structure and the usual duality, one can consider the symmetric monoidal groupoid of the symmetric monoidal category C h of hermitian objects of C and the spectrum associated to its group completion. This version of hermitian K-theory coincides with the common definitions in the case of P(R) (see [14] and [13, Theorem A.1 
] if 2 is invertible in R and [5, Theorem
A] in general, compare also to [6, 1.6 . Theoreme]).
Direct sum K-theory is also meaningful in the case of modules over E ∞ -ring spectra, e.g. the direct sum K-theory of finitely generated projective R-modules for R a connective E ∞ -ring spectrum is the connective algebraic K-theory of R ([8, Theorem 5] ).
We expect a similar behavior in the case of hermitian K-theory. Hermitian K-theory via a Waldhausen type construction is not developed for E ∞ -ring spectra so far. We partially remedy this defect in this article by exhibiting perfect or finitely generated projective modules over an E ∞ -ring spectrum as an ∞-category with duality together with the relevant symmetric monoidal structures, to which direct sum hermitian K-theory can be applied, thereby producing an E ∞ -ring spectrum.
Our definition of an ∞-category with duality is fairly straight forward, it is a homotopy fixed point of the action of the group on two elements C 2 on the ∞-category of small ∞-categories Cat ∞ , where the non-trivial element of C 2 sends a C ∈ Cat ∞ to C op . We show that this definition is equivalent to giving on a C ∈ Cat ∞ a symmetric perfect pairing C × C → Spc, where Spc denotes the ∞-category of spaces, see Corollary 7.3.
We equip the ∞-category of small symmetric monoidal ∞-categories with duality, which will be denoted by SymMonCat hC2 ∞ , with a symmetric monoidal structure (section 4) and show that the associated hermitian K-theory functor is lax symmetric monoidal with respect to this symmetric monoidal structure (Proposition 5.1).
Our first hermitian recognition principle exhibits every symmetric monoidal ∞-category C with duality which is preadditive as a commutative monoid object in SymMonCat hC2 ∞ , where morally the given symmetric monoidal structure on C will give rise to the second symmetric monoidal structure and the coproduct on C to the first symmetric monoidal structure which a commutative monoid in SymMonCat hC2 ∞ carries. The second hermitian recognition principle provides for any rigid symmetric monoidal ∞-category C an object of SymMonCat hC2 ∞ . Morally the duality is given by sending an object X ∈ C to the dual object X ∨ . The non-trivial part to show is that this really exhibits a duality on C with all higher coherences and that the duality is in fact compatible with the symmetric monoidal structure. This is the content of section 7.
Section 8 extends the results of section 7 to the case where the duality is twisted by a tensor invertible object in the given rigid symmetric monoidal ∞-category C. The resulting assignment from the Picard groupoid of C to ∞-categories with duality is lax symmetric monoidal (Corollary 8.5).
In section 9 we twist the duality further, this time by a C 2 -action on the given rigid symmetric monoidal ∞-category C. Also in the case this C 2 -action is trivial we get new twists, namely by C 2 -automorphisms of the tensor unit of C (Remark 9.4). Our main result of this section is that hermitian K-theory twisted by a twisted second tensor power of a tensor invertible object and non-twisted hermitian K-theory coincide (Theorem 9.6 and Remark 9.15).
We combine K-theory and hermitian K-theory into a C 2 -equivariant spectrum indexed on the trivial universe, see section 10.
We define the ∞-category of hermitian objects of an ∞-category with duality in section 11 generalizing the groupoidal versions we have used until this section in the paper.
In section 12 we discuss applications e.g. to finitely generated projective modules over E ∞ -ring spectra making use of our twisting techniques to also define symplectic versions of hermitian K-theory.
In the paper [17] hermitian and real K-theory for stable ∞-categories with duality is developed using an ∞-categorical version of the hermitian S • -construction thereby obtaining a suitable theory which goes beyond direct sum hermitian K-theory. The method in loc. cit. to obtain a real K-theory spectrum can be equally well applied to the situation considered in this paper.
Expanded versions of parts of this paper will be part of the second named author's phd thesis.
of spectra, i.e. the stabilzation of Spc. We denote by Cat ∞ the ∞-category of small ∞-categories, see [10, Definition 3 .0.0.1], and by Cat ∞ the ∞-category of not necessarily small ∞-categories. We let Pr L (resp. Pr R ) be the ∞-category of presentable ∞-categories and left (resp. right) adjoints as maps, see [10, Definition 5.5.3.1] . In particular Spc, Sp, Cat ∞ ∈ Pr L . For an ∞-category C and two objects x, y ∈ C we let Hom C (x, y) be a/the mapping space between x and y either considered as a Kan complex (with preferred model C ∆ 1 × C×C {(x, y)}) or as an object in hoSpc. A faithful functor F ∶ C → D between ∞-categories is said to be good if for any x, y ∈ C every component of Hom D (F (x), F (y)) on an equivalence is hit by an equivalence in Hom C (x, y).
The good image of F is then defined to be the subcategory of D consisting of those vertices which are equivalent to vertices in the image of F and those edges that lie up to equivalence in the image of F .
The factorization of F through its good image is an equivalence followed by a subcategory.
A fully faithful functor is good, and in this case the essential image coincides with the good image. If C is a symmetric monoidal ∞-category and A ∈ Alg E∞ (C) then we let Mod C (A) be the ∞-category of A-modules which we equip with its canonical symmetric monoidal structure if it exists. If it is clear from the context then we also write Mod(A) instead of Mod C (A).
Infinity categories with duality
We begin with the For a (discrete) group G and an ∞-category C we let C[G] be the ∞-category of objects of C with G-action, i.e. the ∞-category Fun(BG, C). Here BG is the nerve of the category with one object and G as automorphisms of this object.
Pulling back along the map BG → * induces a map C → C[G] whose essential image is the full subcategory of objects with trivial G-action.
For X ∈ C[G] we denote by X hG the homotopy fixed points of the G-action on X, i.e. lim X ∈ C (where X∶ BG → C is the given functor), if this limit exists.
Definition 3.2. The ∞-category of small ∞-categories with duality is defined to be the homotopy fixed points of the
Proof. The maximal Kan subcomplex of Fun(Cat ∞ , Cat ∞ ) on those vertices which are equivalences is a simplicial monoid M , and since C op is an ∞-groupoid if C ∈ Cat ∞ is an ∞-groupoid M preserves Spc ⊂ Cat ∞ by Theorem 3.1, establishing the first assertion.
The space of autoequivalences of Spc in Pr L is contractible, establishing the second assertion.
For C an ∞-category, X ∈ C and K ∈ Spc we denote by X K ∈ C the cotensor if it exists. Clearly for X ∈ C[G] (G a group) with trivial G-action we have 
Symmetric monoidal structures
We will first show that the C 2 -action on Cat ∞ is compatible with the natural symmetric monoidal structure on Cat ∞ (the cartesian product).
We let SymMonCat ∞ be the ∞-category of small symmetric monoidal ∞-categories and symmetric monoidal functors (one possible definition is as a subcategory of the ∞-category of ∞-operads, another one is as Alg E∞ (Cat ∞ )), and SymMonCat ∞ the ∞-category of not necessarily small symmetric monoidal ∞-categories.
We let SymMonCat × ∞ ⊂ SymMonCat ∞ and SymMonCat × ∞ ⊂ SymMonCat ∞ be the full subcategories of cartesian symmetric monoidal ∞-categories.
Let Cat
Cart ∞ be the subcategory of Cat ∞ of small ∞-categories possessing finite products and product-preserving functors, and similarly for Cat Proof. This is [9, Corollary 2.4.
Recall Pr L has a natural symmetric monoidal structure such that an E ∞ -algebra in Pr L is a symmetric monoidal ∞-category whose underlying category is presentable and such that the tensor product preserves colimits separately in each variable. We denote the
. Thus we have a natural good faithful functor
We let E × ∞ (Pr L ) be the full subcategory of E ∞ (Pr L ) on the cartesian symmetric monoidal presentable ∞-categories.
We get a commutative diagram
The ∞-category Cat ∞ together with its C 2 -action can be viewed as a functor
Thus we naturally get (up to a contractible space of choices) a functor ψ∶ BC 2 → SymMonCat × ∞ which lifts (up to a contractible space of choices) to a functor
. Next we are going to consider bimonoidal structures with duality. Recall from [4] the smashing localizations
Denoting by L any of these we get induced functors
which are localizations. Precomposing with 
Precomposing this functor with the functor
The ∞-category E ∞ (Pr L ) has (small) limits, thus we get an object
There is a natural equivalence
Proof. This follows from the fact that e preserves limits: Note first that it is sufficient to show that the functor e
The functor e ′ can be factored as
where Op ∞ is the ∞-category of not necessarily small ∞-operads, the first functor the natural inclusion and the second functor assigns to an ∞-operad O its ∞-category of commutative algebra objects in O. But both functors have left adjoints, the first the symmetric monoidal envelope functor and the second the functor C ↦ C ⊗ Comm, where ⊗ denotes the natural action of ∞-categories on ∞-operads and Comm the commutative operad. This shows e preserves limits.
Remark 4.4. Similarly to Proposition 4.3 we have an equivalence
in Pr L , which can be promoted to an equivalence in E ∞ (Pr L ), since
has the cartesian symmetric monoidal structure).
The constructions done in this section starting from Cat ∞ can also be persued with Spc instead, and these resulting constructions are compatible with the map
, yielding (by applying the smashing localization Mon E∞ (−)) a map
, which finally gives a map
We note that there are equivalences
Group completions and spectra
We denote by (−) ∼ ∶ Cat ∞ → Spc a right adjoint to the map Spc → Cat ∞ in Pr L , and we denote by the same symbol similar right adjoints, e.g. the right adjoint to Mon E∞ (Spc) → SymMonCat ∞ .
The direct sum K-theory functor ( [4, Definition 8.3] ) is the composition
which is lax symmetric monoidal [4, Theorem 8.6] . Its effect on rig-categories (E ∞ -objects in SymMonCat ∞ ) can be described by the composition
where Ring E∞ (Spc) ∶= E ∞ (Grp E∞ (Spc)).
We also denote by (−) ∼ a right adjoint of the map
We define the direct sum hermitian K-theory functor as the composition
Proof. Since α is in fact a map in E ∞ (Pr L ), the first map in the definition of K h is lax symmetric monoidal. The second map is the right adjoint to the symmetric monoidal functor
which sends an object to the object endowed with the trivial C 2 -action. The third and fourth maps in the definition of K h are symmetric monoidal.
Note that the effect of K h on E ∞ -objects (rig-categories with duality) can be described by the composition
The first hermitian recognition principle
We give a hermitian variant of [4, Theorem 8.8 ]. This section is heavily inspired by the proof of [4, Theorem 8.8] .
We denote by Cat Σ ∞ the subcategory of Cat ∞ of ∞-categories which admit finite coproducts and coproduct preserving functors. Cat Σ ∞ is presentable and has a closed symmetric monoidal structure such that the left adjoint to the inclusion Cat Σ ∞ ⊂ Cat ∞ is symmetric monoidal (see the references in the proof of [4, Theorem 8.8 ] to [9] ). Cat 
is the full embedding Cat Σ ∞ → SymMonCat ∞ which sends an ∞-category with coproducts to the corresponding cocartesian symmetric monoidal ∞-category (loc. cit.). Thus β is a symmetric monoidal localization.
The map β and its right adjoint are not compatible with the C 2 -action on SymMonCat ∞ , therefore we introduce another localization.
We let i∶ Cat
∞ be the full subcategory of preadditive categories, i.e. those categories which also have finite products, are pointed and in which for any two objects X and Y the natural map X ∐ Y → X × Y is an equivalence.
Proposition 6.1. The functor i has both a left and a right adjoint. The right adjoint is informally given by the assignment
Proof. We first note that the assignment C ↦ Mon E∞ (C op ) op can be refined to a functor r∶ Cat
(where we use in particular that Mon
Moreover r ○i is naturally equivalent (say via ϕ) to the identity by [ 
we have a chain of equivalences of ∞-categories
where the third equivalence follows from [4, Corollary 2.5 (iii)]. Here Fun ∐ resp. Fun ∏ denotes finite coproducts resp. finite products preserving functors. It follows that ϕ exhibits r as a right adjoint to i.
Thus r is a colocalization, in particular the colocal objects in Cat is presentable, thus, since i preserves colimits and limits (note that a limit of preadditive categories in Cat Σ ∞ is preadditive), i also has a left adjoint.
Let us denote a left adjoint of i by l.
Proof. We have to check that the tensor product of a local equivalence f in Cat Σ ∞ with an object C ∈ Cat Σ ∞ is again a local equivalence. By mapping into local objects this is equivalent to the fact that for each preadditive Z ∈ Cat Σ ∞ the internal Hom Hom(C, Z) is preadditive, which can be verified directly.
Thus Cat preadd ∞ is closed symmetric monoidal and l and l ○ β are also symmetric monoidal localizations.
This time l ○ β is compatible with the C 2 -action on SymMonCat ∞ since its right adjoint Cat
Proof. Apply [9, Lemma 2.2.4.11] to the BC 2 -cocartesian family
corresponding to the functor BC 2 → SymMonCat ∞ encoding the C 2 -action on the symmetric monoidal ∞-category SymMonCat ∞ .
Corollary 6.4. There is a natural symmetric monoidal functor
in Pr L with lax symmetric monoidal right adjoint
The objects are symmetric monoidal ∞-categories such that the underlying ∞-categories have finite coproducts and the given tensor products preserve these coproducts separately in each variable, and the maps are symmetric monoidal functors such that the underlying functors preserve finite coproducts.
We denote by
the full subcategory of those symmetric monoidal categories in E Σ ∞ (Cat ∞ ) whose underlying categories are preadditive.
Proposition 6.5. The functor
and in the naturally induced commutative diagram
Proof. The first statements are clear, the middle vertical equivalence is [9, Remark 4.8.1.9] and the right vertical equivalence follows from this equivalence. Proposition 6.6. The functors
, and its right adjoints
Proof. The first statement follows from the fact that the functors
, and the second statement follows from the first.
, and the induced functor
is a good faithful functor whose good image consists of those objects and morphisms in E ∞ (Cat ∞ ) hC2 whose underlying objects and morphisms in
∞ , such that the underlying ∞-category C u is preadditive and such that the monoidal product Proof. By Proposition 6.7 C is naturally an object of
hC2 , so by Proposition 6.8 also an object of E ∞ (Cat
(see Proposition 6.6) in Pr R yields the desired object.
Combining Theorem 6.9 with the last composition in section 4 yields a map
The second hermitian recognition principle
Let SymMonCat rig ∞ ⊂ SymMonCat ∞ be the full subcategory of rigid symmetric monoidal ∞-categories. In the present section we will exhibit each object C of SymMonCat rig ∞ as a symmetric monoidal ∞-category with duality, where the duality is informally given by C ∋ X ↦ X ∨ = Hom(X, 1). We need to use the theory of pairings from [9, Section 5. Also the functor (φ, ψ)∶ Pair perf → Cat ∞ × Cat ∞ strictly commutes with the C 2 -actions, where we let C 2 act on Cat ∞ × Cat ∞ by permutation of the factors.
Lemma 7.1. Let C be a small ∞-category and G a group acting on C. Then there is a natural equivalence
(where the superscript lf denotes the full subcategory on those maps D → C which are equivalent to left fibrations) respecting the G-actions.
For C ∈ Cat ∞ the fiber F C of (φ, ψ) over (C, C) inherits a C 2 -action. We note that F C is an essentially small Kan complex.
Lemma 7.2. For any C ∈ Cat ∞ there is a natural equivalence Proof. We show that the fiber
. The result follows now from Lemmas 7.1 and 7.2.
For any C ∈ Cat ∞ we let (Cat ∞ )
cocart C be the subcategory of (Cat ∞ ) C on the maps D → C which are equivalent to cocartesian fibrations and the morphisms which are representable by cocartesian maps of cocartesian fibrations.
We let Pair C be the full subcategory of Fun(Λ exhibits C as a symmetric monoidal ∞-category with duality. We let C 1 be the subcategory of Fin * generated by the objects ⟨1⟩ and ⟨2⟩ and the following morphisms: all automorphisms of ⟨2⟩, the unique active map ⟨2⟩ → ⟨1⟩ and all inert maps ⟨2⟩ → ⟨1⟩.
We let C ′ 1 be the same subcategory of Fin * as C 1 except that we remove the active morphism ⟨2⟩ → ⟨1⟩.
We let C 2 be the category arising by glueing C ′ 1 to [1] along the objects ⟨2⟩ and 0 subject to the relation that there results a unique map from ⟨2⟩ = 0 to 1.
We extend the inclusion C ′ 1 → C 1 to a functor f ∶ C 2 → C 1 by sending 1 ∈ [1] to ⟨1⟩ and the unique non-identity map in [1] to the active morphism ⟨2⟩ → ⟨1⟩.
Let C 3 be the category arising by glueing
We let ι be the composition
There is a natural fully faithful functor
NFin * whose essential image we denote by (Cat ∞ ) sm NFin * . We denote the induced equivalence
There is a natural forgetful functor ν∶ (Cat ∞ ) sm NFin * → Cat ∞, * to pointed ∞-categories sending a map C ⊗ → NFin * to C ⊗ , where the pointing is given by the homotopically unique object in the fiber over ⟨0⟩ (which "corresponds" to the tensor unit).
be the full subcategory of Cat We let µ∶ Cat ∞, * → Cat
which sends (C, X) to the left fibration corresponding to the functor C ∋ Y ↦ Hom(X, Y ).
In the following when we apply functor categories we sometimes leave out taking the nerve.
We let
where the fiber product is via evaluation at the object a of C 2 which does not belong to C ′ 1 and evaluation at the target of an object in Cat
, be the functor which "glues" the given map in Cat
via its target to a. Precomposing k 1 with the functor
where the first functor is the identity in the first component and evaluation at a followed by ν in the second component, and the second functor the identity in the first component and µ in the second, yields a functor
composing this with k 2 yields
cocart NFin * ). We let Ψ ′ be the category arising by glueing Λ Let I be the category with two objects 0 and 1 and a unique isomorphism from 0 to 1. C 2 acts on I by permuting 0 and 1.
We let C 2 act on I × Ψ diagonally.
There is a natural functor (I × Ψ) C 2 → C 3 , where the quotient in the source is in the 1-categorical sense, described as follows:
and is then an equivalence, it sends the image in (I × Ψ ′ ) C 2 of the objects in I × Ψ ′ not belonging to I × Λ 2 0 to a, and the remaining object in (I × Ψ) C 2 to the remaining object in C 3 .
Thus we obtain a C 2 -equivariant functor I × Ψ → C 3 for the trivial C 2 -action on C 3 .
This induces a functor
The projection I × Ψ → Ψ is a C 2 -equivariant underlying equivalence, we thus have an equivalence
Choosing an inverse of this equivalence yields
and composing with k 3 yields
We letΨ be the category obtained from Ψ by glueing in an additional Λ There is an induced C 2 -action onΨ which fixes everything new. We let ◻ ⊂Ψ be the square formed by the new Λ 
be the full subcategory on those diagrams which become cartesian after restricting to ◻ ⊂Ψ, then the restriction functor
NFin * ) is an equivalence. Choosing an inverse and composing with k 5 yields a C 2 -map
whose composition with k 4 yields
Let g∶ Λ Restriction along g produces from k 6 a map
Remark 7.4. For C ∈ E ∞ (Cat ∞ ) and ⟨n⟩ ∈ Fin * , forgetting homotopy fixed points and taking the fiber over ⟨n⟩ yields from 
is (equivalent to) a left fibration and the fiber of ϕ over an object
giving rise to a functor
Proof. This follows by construction (see also Remark 7.4). 
where the second functor is the standard one.
Proof. This follows by construction.
We have proved:
has a natural section.
Combining with Theorem 6.9 yields Theorem 7.8. Let C be a rigid symmetric monoidal ∞-category, such that the underlying ∞-category C u is preadditive and such that the monoidal product 
The extended second hermitian recognition principle
This section is a variation of the previous section. We will equip any rigid symmetric monoidal ∞-category C with a duality of the form X ↦ X ∨ ⊗ L, where L is a tensor invertible object of C.
We keep the notation of the last section.
For an ∞-category C we let α C be the composition
).
α C followed by evaluation at 2 ∈ Λ 2 0 is naturally equivalent to the identity.
We let C 4 be the category obtained by glueing C 2 to Λ 2 0 along the object of C 2 which does not belong to C ′ 1 and the object 2 ∈ Λ 2 0 . We have a natural composition
where the first functor is the identity into the first factor and the functor α C into the second.
Thus we get an induced functor There is a natural functor (I × Θ) C 2 → C 4 extending the natural functor (I × Ψ ′ ) C 2 → C 2 from the previous section. As in the previous section we thus obtain
and precomposing with h 1 yields
Let x be the object ofΨ which lies in Ψ but not in Ψ ′ , and letΘ be the category obtained by glueingΨ and [1] along the objects x and 0.
There is a canonical C 2 -equivariant full embedding Θ →Θ extending the embedding Ψ →Ψ.
We let Fun
cocart NFin * ) be the full subcategory such that the restriction of the given diagram to the square ofΘ is cartesian.
The restriction functor
is an equivalence, thus, choosing an inverse, yields the C 2 -functors
cocart NFin * ) and the induced functor
Precomposing with h 2 yields
We letg∶ Ψ ′ →Θ be the functor which extends g and sends 1 ∈ [1] ⊂ Ψ ′ to the object ofΘ which does not lie inΨ.
Restriction alongg and precomposing with h 3 yields
Remark 8.1. For C ∈ E ∞ (Cat ∞ ) and ⟨n⟩ ∈ Fin * , forgetting homotopy fixed points and taking the fiber over ⟨n⟩ yields from
is (equivalent to) a left fibration and the fiber of ϕ over an object
Let P be the category obtained by glueing two copies of [2] along the morphisms 0 → 1 in both of these categories. Let us call m the morphism in P which is the morphism 0 → 2 in the first copy of [2] and m ′ the one in the second. Let p∶ Λ 2 0 → P be the functor which send 0 ∈ Λ 2 0 to the two glued 1's and the endpoints of Λ 2 0 to the two 2's. Let Q be the category obtained by glueing two copies of P along the morphisms m in both of the copies. The image of the two m's in Q is again denoted by m. The morphisms m ′ in the two copies of P give morphisms m 1 and m 2 in Q.
Permuting the two copies of P yields a C 2 -action on Q. The functor p gives rise to two functors p 1 , p 2 ∶ Λ 2 0 → Q. Let Ψ ′ → Q be the C 2 -functor which sends the two legs of Λ 
cocart NFin * ) be the full subcategory of such diagrams whose restrictions to Λ 2 0 via the functors p 1 and p 2 are product diagrams.
Then the restriction
cocart NFin * ) is an equivalence. Choosing an inverse yields the C 2 -functor
Precomposing with h 4 gives
Let R ⊂ Q be the full subcategory which contains m and the two possible factorizations of m in Q. R inherits a C 2 action.
The functor h 5 induces by restriction to R finally a functor
Restricting to (1, 1) via this isomorphism and precomposing with h 6 sends C to C op with its opposite symmetric monoidal structure. Note restriction of an h 6 (C) to (1, 1) yields in fact an object of
but by construction the C 2 -action is trivial (this follows already from the definition of δ).
The functor h 6 induces the composition
Composing further via the functor induced by the forgetful functor
Let Fun(R, Cat ∞ ) cocart ⊂ Fun(R, Cat ∞ ) be the full subcategory on those diagrams d where d(ϕ) is equivalent to a cocartesian fibration for any map ϕ in R whose target is final.
Then v 2 factors as a map
and the evaluation X at (1, 1) of v 3 has trivial C 2 -action. 
which is evaluation at the final object. F inherits a G-action.
Then there is a natural G-equivariant equivalence
where
q is the full subcategory on maps p → q which are equivalent to cocartesian fibrations.
We thus get a cartesian C 2 -equivariant square
(here Cat ∞ carries the trivial C 2 -action), where the bottom C 2 -map is obtained from a map with trivial C 2 -action.
Taking homotopy fixed points yields the cartesian square
so v 3 induces a functor
This functor factors in fact via a functor
But we have
and the prolonguation of v 5 along these equivalences gives a factorization
We letŨ → E ∞ (Cat ∞ ) × NFin * be the opposite universal fibration, i.e. the cocartesian fibration classified by the functor
where the first functor sends a symmetric monoidal ∞-category to the corresponding functor NFin * → Cat ∞ in the first component and is the identity in the second, the scond functor is evaluation and the third one is (−)
op . Note that evaluation of v 1 at (1, 1) is equivalent toŨ over E ∞ (Cat ∞ )×NFin * and that thus X ≃Ũ as ∞-categories.
LetŨ rig be the pullback ofŨ along the functor
→Ũ rig be the family of Picard groupoids ofŨ rig .
Lemma 8.3. The composition
Proof. This follows by construction:
. Forgetting homotopy fixed points, the image of L under the composition in the Lemma has the shape C n ← M → C n such that the induced map M ϕ → C n × C n is (equivalent to) a left fibration and the fiber of ϕ over an object
Since all the L i are ⊗-invertible the claim follows.
We note that Picard groupoids are equivalent to its opposites, thus Pic(Ũ rig ) is equivalent to the Picard groupoid of the pullback of the universal fibration over E ∞ (Cat ∞ ) × NFin * to SymMonCat rig ∞ × NFin * which we denote by Pic(U rig ). We thus get by Lemma 8.3 an induced functor Proof. This follows from the fact that the composition of v 7 to Cat ∞ is equivalent to the functor
where the last functor is c except that we do not take (−) op in the end. In particular the image of the tensor unit defines an object of SymMonCat hC2 which is the same as the object defined in the previous section, 
whose good image consists of those algebras A such that for any c ∈ C the induced lax symmetric monoidal functor A c ∶ P c → Cat ∞ satisfies the following properties: the underlying functor of A c factors through Cat preadd ∞ , and for any x, y ∈ P c the functor
preserves finite coproducts separately in each variable, and those maps whose components in Cat ∞ preserve finite coproducts.
Let Pic(U rig,preadd ) be the pullback of Pic(U rig ) along the functor
Composition with v 7 exhibits an object of Alg Pic(U rig,preadd ) (Cat hC2 ∞ ), and we deduce from Proposition 8.7 that this comes from an object of 
where the second map is from Corollary 6.4, consists of lax symmetric monoidal functors.
In particular the image of the tensor unit is an E ∞ -ring spectrum which is the same as the corresponding object in the previous section,
which are commutative and associative.
Naturality with respect to maps in SymMonCat rig,preadd ∞ is given.
Twisting the duality
We keep the notation of the last section. Let C be an ∞-category with an action of a group G. If G acts on an object of C hG one can obtain a twisted homotopy fixed point of C by considering the composition
where G × G acts on C via the first projection and where the last arrow is induced by restriction to G via the diagonal G → G × G (note that the composition of this diagonal followed by the first projection is the identity of G, thus the induced action of G on C is the original one).
Remark 9.1. Let G = C 2 and τ ∶ C → C the action of the nontrivial element of
and denote by X also the underlying object in C. Since X is in particular a homotopy fixed point for the action of C 2 on C we have an equivalence
Specializing to the case C = Cat ∞ , G = C 2 and the canonical action of C 2 on Cat ∞ we obtain the functor
and to the case C = SymMonCat ∞ the functor
Pulling back the functor
]×NFin * yields the family of (twisted) Picard groupoids
(where we use the induced C 2 -action on Pic(C)).
The composition
followed by t gives us a functor 
Pulling back Pic(U rig ) t further to SymMonCat
and composition with v 9 exhibits an object of
which comes, using Proposition 8.7, from an object of
which consists of lax symmetric monoidal functors.
Remark 9.4. Let C ∈ SymMonCat rig ∞ and equip it with the trivial C 2 -action.
where A is the fiber of the map Pic(C)[C 2 ] → Pic(C) which forgets the C 2 -action. Thus we can twist the duality on the object of (SymMonCat rig ∞ )
hC2 which, via Theorem 7.7, C gives rise to, by objects of A. Note that the underlying space of A is the space of A ∞ -maps from C 2 to the space of (homotopy) automorphisms of the tensor unit of Pic(C).
We are now interested in relations among the different types of duality twists we have encountered so far (i.e. by tensor invertible objects and C 2 -automorphisms of the tensor unit).
To indicate what will be a consequence of the main result let L ∈ Pic(C), where
, where the C 2 -action ι on L ⊗ L switches the two factors.
We will show that then T C ((L ⊗2 , ι)) and T C (1) are naturally equivalent in Cat hC2 ∞ . The C 2 -action on L ⊗2 can be defined using the following general construction:
Let D be an ∞-category which is preadditive and complete. Let X ∈ D. For any natural number n we will factor the multiplication map n∶ X → X in a canonical way through X BΣn .
Lemma 9.5. Let the notation be as above. Let n ∶= {1, . . . , n}. Then there is a natural equivalence
, where the Σ n -actions are induced via the canonical action of Σ n on n.
When we view X to be equiped with the trivial Σ n -action the natural maps X → X n and n ⋅ X → X induced by the projection of n to the point are Σ nequivariant.
Thus we obtain the composition
in D, and if we compose this map with the natural map X BΣn → X this is the multiplication by n map.
If we let D = SymMonCat ∞ then for any C ∈ SymMonCat ∞ we obtain the symmetric monoidal functor
which sends any X ∈ C to X ⊗n with the natural Σ n -action and which is natural in C.
For n = 2 and L ∈ Pic(C) we obtain the object (L ⊗2 , ι) from above. Now let C ∈ SymMonCat rig ∞ [C 2 ], then we obtain the symmetric monoidal functor
and composing with the (symmetric monoidal) functor
yields a symmetric monoidal functor
sending an L to (L ⊗2 ) ′ , where the prime indicates that the C 2 -homotopy fixed point data is twisted by the action of C 2 on L ⊗2 . Classical periodicity theorems for Witt-and Grothendieck-Witt groups are predecessors of the following
and T C (1) are canonically equivalent in Cat 
in Cat ∞ , which via Remark 9.7 induces the diagram
Taking the pullback yields
Prolonging with the map Pic(U rig ) → Cat hC2 ∞ yields a map
which is a lax symmetric monoidal functor with C 2 -action (where the action on the target is trivial). Taking C 2 -homotopy fixed points gives
, and prolonging with t gives T C . Proposition 9.8. Let G be a group and
Then there is a natural G-action on the symmetric monoidal ∞-category Mod D (A) and an equivalence
Proof. Let O be an ∞-operad such that an algebra over O in a symmetric monoidal ∞-category C consists of an E ∞ -algebra B in C together with a Bmodule M .
The E ∞ -algebra A corresponds to a map
Taking G-homotopy fixed points yields the diagram
in Cat ∞ , inducing an equivalence
The symmetric monoidality of this equivalence follows by fibering everything over NFin * .
Let again
Then by the second hermitian recognition principle we obtain an object
Forgetting the additional C 2 -action we have an object C ′ ∈ SymMonCat hC2 ∞ , and it follows from Proposition 9.8 that there is a natural C 2 -action on
), Proposition 9.8 yields an action of C 2 × C 2 on Mod Cat ∞ (C), and C 1 2 refers to this action restricted to the first factor). Now the lax symmetric monoidal C 2 -functor µ C can be factored as lax symmetric monoidal C 2 -functors
where the second functor forgets the C ′ -module structure.
Lemma 9.9. The functorμ C is symmetric monoidal, so it can be considered as a map in
Proof. This is detected by mapping further to Mod Cat ∞ (C) and noting that all objects of Pic(C) are mapped after this prolonguation to the tensor unit in Mod Cat ∞ (C) (we also use that the funcor Cat hC2 ∞ → Cat ∞ is conservative).
We let C 2 act on Mod Cat ∞ (C) by restricting the C 2 ×C 2 -action to the diagonal of C 2 × C 2 .
By taking C 2 -homotopy fixed points the functorμ C induces a functor
where the second functor is restriction along the diagonal of C 2 × C 2 .
Lemma 9.10. Applying the forgetful functor Mod Cat ∞ (C) hC2 → Cat hC2 ∞ after the functorT C yields the functor T C .
Let D be a complete preadditive ∞-category and X ∈ D[C 2 ]. We denote by sq ′ X the composition
where the first map is m X hC 2 (2), C 2 × C 2 acts on X via the first projection and the last map in the composition is induced via pullback along the diagonal of
Proposition 9.12. Let the situation be as above. Then there is a natural commutative diagram
where the vertical map is the natural map from the homotopy fixed points to X, and the composition of ϕ with this map X hC2 → X is equivalent to the composition
where ι is the action of the nontrivial element of C 2 and the second map is the sum map.
Proof. The switching action of C 2 on X ⊕X canonically exhibits X ⊕X as object of
Restricting this action to the diagonal of C 2 × C 2 gives rise to an object X ⊕ X ∈ D[C 2 ]. Letting C 2 act via the second factor of
′ is the free C 2 -object on X). The claims of the Proposition then follow from the commutativity of the diagram
(the left square commutes since it commutes after mapping the right lower corner of this square to X via the projection to the first X-summand).
Proof of Theorem 9.6. We specialize Proposition 9.12 to D = SymMonCat ∞ and X = Mod Cat ∞ (C), where the C 2 -action on X is the one described after Lemma 9.9. Then sq ′ X ≃sq C . Combining Lemmas 9.10 and 9.11 we see that
where v is the forgetful functor Mod
hC2 the image ofT C (L) under the functor X hC2 → X is canonically equivalent to the tensor unit C, hence by Proposition 9.12 sq C (T C (L)) is also canonically equivalent to the tensor unit C, showing the claim.
Remark 9.13. Let the situation be as in Theorem 9.6 . Then the underlying ∞-categories of the objects T C (sq C (L)) and T C (1) in Cat hC2 ∞ are both canonically equivalent to C, thus the equivalence
gives rise to an equivalence φ∶ C → C in Cat ∞ . We claim that φ is informally given by the assignment C ∋ X ↦ X ⊗ L: Indeed, analyzing the proof of Proposition 9.12 we see that ϕ∶ Mod Cat∞ (C) → Mod Cat∞ (C) hC2 sends the tensor unit C in
together with a certain fixed point datum, where τ denotes the action of the nontrivial element of C 2 on Mod Cat ∞ (C). Also, after forgetting fixed point data,sq C (T C (L)) is W ′ ∶= C ⊗ C C, and the identification between W ′ and W given by Proposition 9.12 is given by id C ⊗ C g, where g is informally given by C ∋ X ↦ f (X) ∨ ⊗ L (f the given autoequivalence of C). But after forgetting fixed point data the identification between the tensor unit of Cat hC2 ∞ and W is given by C ∋ X ↦ f (X) ∨ , and composing the two identifications shows the claim.
Remark 9.14. Let the situation be as in Remark 9.4 
(where we view L in a canonical way as an object of Pic(C)[C 2 ]) for an object a ∈ A. Then we see that 
hC2 is trivial then so is sq C (L) (i.e. equivalent to the tensor unit).
Remark 9.17. Let the situation be as in Theorem 9.6. Then Remark 9.14 has the following generalization: For L ∈ Pic(C)
hC2 we have
has trivial underlying object in Pic(C)).
C 2 -equivariant K-theory
When we do not take C 2 -homotopy fixed points at the second stage in the definition of the functor K h in section 5 we obtain a functor
which is similar to Proposition 5.1 lax symmetric monoidal. Forgetting the C 2 -action in the target is the (direct sum) K-theory of the given symmetric monoidal ∞-category (forgetting its duality).
Let O be the opposite of the orbit category of C 2 , so O op has two objects b and s, b has C 2 as monoid of self-maps, there is exactly one map from b to s and s has only the identity as self-map.
We can combine K C2 and K h to a lax symmetric monoidal functor
where the second functor sends a BC 2 -diagram in Mon E∞ (Spc) to the limiting cone (which is uniquely determined up to a contractible space of choices) of the diagram. op → Q n in Fun C2 (I, Cat 1 ) which are localizations along the set of maps {v i 0 ≤ i ≤ n} and which are part of a natural transformation between the functor Q lax and a unique functor
with the property Q([n]) = Q n for any n ∈ N. We letQ lax ∶ N△ → Cat CRing → SymMonCat rig,preadd → SymMonCat rig,preadd ∞ which we can prolong with either of the functors of Corollaries 7.9 and 10.2 to obtain (hermitian) K-theory functors.
This recovers the usual connective hermitian K-theory of R (see Remark 11.7 ii) and the corresponding references in the introduction).
Similarly we can assign to an E ∞ -ring spectrum R its ∞-category of finitely generated projective modules P(R) (which is the full subcategory of the ∞-category of R-modules Mod(R) which are retracts of modules of the form R n for some n ∈ N) which inherits a rigid symmetric monoidal structure from Mod(R), thereby being an object of SymMonCat rig,preadd ∞ . Thus, again by prolonging with the functor of Corollary 10.2, we obtain a functor
which should give a reasonable hermitian K-theory at least if R is connective. The underlying K-theory spectrum is connective algebraic K-theory (thereby carrying a C 2 -action) if R is connective ( [8, Theorem 5] [17] .
Let C ∈ SymMonCat rig ∞ [C 2 ] and suppose C is stable. Then C hC2 is also stable, and we have the object K ∶= 1 [1] ∈ Pic(C) hC2 at our disposal. The object K gives rise to the object M ∶= sq C (K) ⊗ K ⊗(−2) ∈ Pic(C) hC2 . If C has trivial C 2 -action then Pic(C) hC2 ≃ Pic(C) × A and M can be considered as an object of A.
In particular for R ∈ E ∞ (Sp) we can specialize to C = Perf(R) (perfect Rmodules). Note that if we write Pic(Perf(R))[C 2 ] ≃ Pic(Perf(R)) × A then we have Pic(P(R))[C 2 ] ≃ Pic(P(R)) × A, and we have the object M ∈ A (M can be viewed as a C 2 -enhancement of the automorphism "multiplication by −1" on the tensor unit of P(R)).
Thus we can consider T P(R) (M ) ∈ (Cat If we let R vary the objects M are compatible, thereby we get a functor E ∞ (Sp) → Sp which can be considered as symplectic (hermitian) K-theory. Remark 12.3. In principle one can also consider tensor powers M ⊗n , n ∈ Z, of M . If R ∈ CRing then M has order at most 2 which recovers the known periodicity of hermitian K-theory. If R is n-truncated then it follows at least that the order of M is of the form 2 k for 0 ≤ k ≤ n + 1.
Remark 12.4. Let F be the free grouplike E ∞ -space on the point (so F corresponds to the sphere spectrum) and view it as a Picard groupoid. If we write F [C 2 ] ≃ F × A then π 0 A ≅ Z 2 , see [7, Theorem 1.1] . Let 1 ∈ F be the object which corresponds to 1 ∈ π 0 S, S the sphere spectrum. Then the A-component of sq F (1) is a non-zero element in Z 2 , in particular it has infinite order.
